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Abstract 

The problem of efficiently exploring molecular phase space stands at the centre of the major problems in 
biophysical chemistry, from calculation of probabilities, to protein folding, protein engineering, and drug 
design. The state of the art of ah initio approaches, (i.e. not depending fundamentally on experimental data) is 
assessed, and some new developments are proposed. Some of the techniques also lend themselves naturally to 
the inclusion of new classes of constraint, under new conservation laws, which can also exploit experimental 
data. 
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1. Background 

In this review we re-identify a key problem in 
the calcuIation by computer of a matter of con- 
siderable medical and industrial importance: the 
form and properties of biological molecules. The 
key problem relates particularly to the efficiency 
of the calculation of those all-important quanti- 
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ties, the free energies, and to the matter of 
whether they have been adequately evaluated. It 
lies at the heart of difficulties in calculating 
physicochemical properties, modelling protein 
conformation, engineering proteins, and design- 
ing drugs. We follow discussions of this with a 
review of the present state of the art, and finish 
with some recent advances. The recent advances 
in particular represent a more personal view based 
on developments in our own laboratories and are 
not intended to provide an exhaustive account of 
current work in the field. 

What the authors have always had in common, 
which determines the flavour of the last half of 
this review, is not onIy an interest in better calcu- 
lating free energies of systems but also an interest 
in new classes of molecular dynamics simulations 
of molecules. These depart from established types 
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of simulation in a fundamental way. The “Newto- 
nian rules” are broken in order to more effi- 
ciently search the conformational possibilities of 
a molecule. To consider why this bizarre depar- 
ture should be necessary one must first take a 
look at what the problem is, and why the current 
approaches are accepted. 

First principle or ab initio calculations. 
A key feature of early twentieth century sci- 

ence was the realisation, usually attributed to 
Dirac, that experimentation was not the only 
route to the discovery of the physicochemical 
properties of systems. In principle at least, such 
properties might be determined by calculation 
from fundamental theoretical principles. The dif- 
ficulty in practice resides in the complexity of the 
calculations which have to be performed. In mod- 
ern terms, this essentially means the speed of the 
calculation in the computer. In part, this question 
of speed (in order to obtain results in reasonable 
time) is a question of levels of approximation 
used, and, relatedly, the quality of parameters 
used as input in empirical or semi-empirical ap- 
proaches. However, these problems are not insur- 
mountable at least to the extent that useful stud- 
ies can be performed. For small organic mole- 
cules, these aspects represent the bulk of the 
difficulties, and small organic molecules are rou- 
tinely used to assess the state of the art in regard 
to adequate levels of approximation, and the de- 
velopment, testing and refinement empirical and 
semi-empirical parameters. 

Specific problems in biomolecular calculations. 
Biological molecules and particularly biopoly- 

mers such as proteins provide a further, and in 
some ways more fundamental challenge. If it was 
simply a matter of the size of the molecule 
(specifically, time for calculation of the energy of 
a single conformation rises as the square of the 
number of interacting atoms) then a complete 
study of the complex biomolecules would be ob- 
tainable in reasonable amounts of computer time. 
However, it is also a matter of the escalating 
complexity of the phase space which underlies 
the physicochemical properties of the molecule. 

The phase space of a molecule is that mathemati- 
cal space in which a single point represents a 
complete description of the positions and veloci- 
ties of all considered particles in the system, and 
a single trajectory for such a point represents the 
history of the molecular system. 

From this trajectory or consideration of its 
approximate description (such as density of tra- 
jectories in a given region of phase space, and 
particularly the ergo&c approximation which we 
consider below) the tools of statistical mechanics 
can extract a variety of interesting properties. 
These include most obviously the free energy, 
enthalpy, entropy, heat capacity, and any other 
observable average properties such as average 
Nuclear Overhauser distances, circular dichroism 
spectra, viscometric and light-scattering proper- 
ties. However, any property which is an average 
over population or a single molecule in time can 
be evaluated in principle, and one may even 
calculate biological properties such as catalytic 
activity and pharmaceutical potency and toxicity, 
providing, of course, that the complex formula 
relating properties to conformation can be speci- 
fied. In any event, the evaluation of the free 
energy itself already plays an important contem- 
porary role in drug design and protein engineer- 
ing by comparing the calculated binding strength 
of different agonists and antagonists, and in cal- 
culating the preferred conformations of proteins, 
nucleic acids, sugars, lipids and other biomole- 
cules. 

Phase space complexity, 
Where then is the problem, or more precisely, 

wherein lies the complexity of the phase space? 
There are most generally 6N - 12 dimensions to 
this phase space. The 6N relates to the three 
Cartesian coordinates (x, y, z) to describe the 
position of each of N atoms, plus three coordi- 
nates PI, P,, P, to describe the momenta of the 
particles conjugate to the positional coordinates 
(the - 12 relates to the changes of the net posi- 
tion and overall velocity of the system). It is 
worth noting that neglect of the conjugate mo- 
menta leads to a reduced phase space well known 
to stereochemists as the conformational space. 
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This 3N-6 dimensional space is already complex 
since it defines the potential energy surface, that 
is, the potential energy as a function of 3N-6 
parameters. Below, we associate such a specific 
function of the phase space coordinates with the 
mechanical properties of the systems, as opposed 
to the thermal properties such as enthalpy which 
are based on statistical mechanical averaging. For 
a complex biomolecule such as a protein, this 
potential energy surface is not a simple smooth 
monotonic surface, but is filled with many max- 
ima, minima and saddle points. Collectively asso- 
ciated with these features in the fuller phase 
space description are conceptually even more 
monstrous features: topologically complex and not 
necessarily continuous isoenergy manifolds, these 
being regions of phase space in which the point 
describing the molecular system can move so as 
to preserve its total (potential plus kinetic) energy 
under Hamiltonian (isolated, energy conserving) 
conditions. The manifold description is at least 
relatively simple in the region of a potential en- 
ergy minimum too deep to allow escape without 
borrowing further energy. It is a hyper-dimen- 
sional torus (ring doughnut). The trajectory in 
phase space would, for an isolated energy con- 
serving system, be confined to winding round this 
torus. However, in most interesting applications 
excepting the studies of the vibrational modes of 
a specified locally stable or metastable state, the 
trajectory is wound round the surface which is 
topologically far more complex. The point is, that 
there is in general no means of predicting such a 
trajectory even in gross terms such that the ob- 
servable behaviour of the system can in turn be 
predicted. The behaviour has to be followed by 
simulating it in what amounts to, in effect, an 
experiment within the computer. An example is 
simulating the folding up of a protein to predict 
its final three dimensional structure, a notori- 
ously difficult problem which exemplifies that the 
pursuit of the trajectory through phase space is a 
task which rapidly becomes more formidable as 
the molecular system becomes bigger and the 
manifolds more complex. 

Our knowledge of a physical system can be 
categorised as mechanical properties and thermal 
properties. The mechanical properties are the 

explicit functions of the phase space coordinates 
of a system, for example, the potential energy 
V(qN), or the virial B(qN) = Cr,e. A number of 
useful thermodynamic properties of a system, for 
example, the internal energy E, the pressure P 
and the heat capacity C,,, can be calculated by 
the ensemble or time average of the mechanical 
properties, which are usual1y readily available in 
molecular dynamics (MD) simulation. However, 
the thermal properties of a system can not be 
obtained directly from a typical simulation. The 
thermal properties of a system depend on the 
total volume of its phase space which is accessible 
to the system’s condition. Due to the finite time 
and speed of computer simulation, and the limi- 
tations in the simulation algorithms, the sampling 
over the total phase space is almost an impossible 
task. The practical researchers have been concen- 
trating on the improvement of sampling over rep- 
resentative regions of a system’s phase space, The 
entropy S and free energy F of a system are 
typical examples of thermal properties. 

Although there are apparent difficulties in es- 
timating free energy of a system, many research 
efforts have been put into it in the past decade 
[l-31, and as the speed of computational facilities 
have improved many-fold, some practical meth- 
ods for estimating free energy have been cstab- 
lished and proved to give indicative results for 
experimental work. The following sections give a 
brief review of these techniques. 

2. Free energy estimation methods 

2.1 Thermodynamic integration [4-71 

In statistical mechanics, the Helmholtz free 
energy A for a molecular system is calculated by 

A = -k,T 1,: 

where Z is the canonical ensemble configura- 
tional integral 

z = / . . , (~--~((U~I*...*TN) dr,,. . . Jr, (2) 
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where p = l/k,T and I%-,, . . . , rN) is the poten- 
tial energy of the system then the free energy 
difference A A between state 0 and 1 is 

AA =A, -A, = -k,T ln: (3) 
0 

where Z, and Z, are the configurational integrals 
of the systems at the states 0 and 1 respectively. 
The idea central to all the methods used so far 
for the estimation of free energy difference A A is 
how to change a system from state 0 to state 1, 
and obtain AA as a result of accumulating data 
during this process. The idea of a coupling pa- 
rameter has been used for this purpose. Accord- 
ing to this idea, the potential energy of the system 
I/ is written as a function of a coupling parameter 
A, Vb, A), and the variation of A from 0 to 1 
smoothly converts the system configuration V. to 
V,. Hence, the free energy A of the system can be 
described as the function of the coupling parame- 
ter A 

A(A) = -k,T In Z(A) (4) 

The thermodynamic integration (TI) method then 
integrates A(A) over A to calculate AA 

I aA(A) 
AA=/ aAdA 

0 

Next, it is necessary to express this integral as the 
ensemble average of the mechanical property of 
the system which is easy to evaluate during a MD 
or MC simulation. Because A(h) = -k, In Z(A), 
then 

WA) _k T a *n Z(4 
[ 1 

-k,T dZ(h) 
-= =-- 

aA Ei ah Z(A) ah 

(6) 

Using eq. (2), we have 

az(A) - +/ . . . / nv(;; A) 
ah 

(7) 

Substituting eq. (7) into (6), 

a+) 1 

i I 
aV(r, A) -=- . . . 

ah Z(A) ah 

(8) 

Or more concisely, 

aA -= 
ah (9) 

For the free energy difference between state 1 
and state 0, 

(10) 

With this expression, it is then possibre to imple- 
ment the calculation numerically during a MD or 
MC simulation. The integration variable A can be 
a system’s thermodynamic variable, such as tem- 
perature, or structural parameters which can in- 
troduce conformational changes to the system. 

The implementation of TI in practice is as 
following: various simulations are carried out at 
different discrete values of A over the interval 
[0, l] to determine the ensemble average values 
for the term in eq. (10). Then numerical integra- 
tion for these values is done over the A values to 
yield the free energy difference AA. Usually, 
simulations are carried out in both forward and 
backward direction with respect to the state 
change (i.e., 0 to 1 and 1 to 01, and the corre- 
sponding free energy differences A As are calcu- 
lated to compare the accuracy of simulation. The 
difference (hysteresis) between two A As repre- 
sent the statistical uncertainty in the numerical 
integration over the configurational space. In or- 
der to obtain a more accurate result, the incre- 
mental AA should be very small so that the 
process of configurational change from state 0 to 
state 1 or vice versa is smooth. Usually configura- 
tional sampling near the two end points (where 
A = 0 and A = 1) can become very difficult. This 
difficulty may be overcome by using a further 
smaller AA. 

There has been a number of successful appli- 
cation of TI. For example, the AA calculated for 
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water, -18.0 + 0.3 kJ/mol, agrees well with the 
experimental value of -24.0 kJ/mol, and the 
agreement between respective entropies ( - 59.9 
+ 0.4 kJ/mol and -58.4 kJ/mol) is even better. 
However, the realisatipn of TI requires knowl- 
edge of certain nuances, for instance, the contin- 
uous distribution of discrete A is not always opti- 
mal when integrating through summation. The 
insufficient sampling could easily lead to poor 
convergence. 

2.2 Perturbation method [?I-IO] 

The calculation of free energy difference be- 
tween state 0 and 1 can also be approached from 
the following perspective: 

__I I z, .** ,-fivl(rN) dr, 

e_PVdrN) dr, 
(11) 

As always, the next step is to transform this 
expression into some sort of ensemble or time 
average of a system’s mechanica property. Equa- 
tion (11) can be seen as 

e -BVU(~N) d rN 

= . . . 
/ i 

e-~Av(‘N)Po( rN) dr, (12) 

where AV(r,) = V,(r,) - V&rN) is the potential 
energy difference behveen reference state 0 and 
perturbed state 1, and PO is the Boltzmann prob- 
ability function for state 0: 

(13) 

It is clear that eq. (12) is already an ensemble 
expression of potential energy difference between 
the two states: 

z, z, = {e-pAV(rN))O (14) 

Substituting eq. (14) into (3), we have 

AA = -k,T In(ePPAV(r~))O (15) 

or, perturbing from state 1 to state 0 

AA = -k,T ln{eP’Y(‘N))l (16) 

Equations (15) and (16) are the core of the per- 
turbation method. It is valid only when state 1 
and 0 differ very little. In fact, a necessary condi- 
tion is that AA < 2k,T. In practice, this obvi- 
ously poses a restriction on the direct use of this 
method. The following two methods seek to re- 
solve this restriction by using a series of small 
perturbations to change the system from state 0 
to state 1 or vice versa. 

2.2.1 Window method 
For real systems, the state change usually in- 

volves much greater free energy change than 
2k,T. It is then necessary to differentiate this 
process of state change into a sequence of small 
perturbations, and the above perturbations 
method can be used to calculate the free energy 
difference, that is, the whole region of the states 
0 and 1 is divided into discrete intervals so the 
AA for each interval is less than 2k,T. These 
discrete intervals are called thermodynamic win- 
dows. The overall free energy difference is then 
obtained by summing over all the intervals 

n-l 
AA = c AA,(hi+hi+,) (17) 

i=D 

where AAi is the free energy difference between 
intermediate states i and i + 1, which are con- 
structed by mixing up the initial system state 0 
and the final state 1 

HAi=hiHOt (1-h&V,, 04h;ll (18) 

where H is the Hamiltonian for the system, h is 
the perturbing parameter. Usually, the intermedi- 
ate state for a molecular system is generated by 
mixing the interaction potential parameters or 
coordinates. The direct use of eq.08) is generally 
known as “double-ended” sampling, which is in 
effect a direct summation over the passes A, to 
*i+l* This may not be the optimal way. It has 
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been suggested that the free energy differences 
for the passes Ai to hi+l and hi to h,_i are both 
calculated when averaging over the ensemble for 
the ith state. This procedure is know as “double- 
wide” sampling, and it has been shown to reduce 
the computation by half. The basis of this proce- 
dure is the equality of the free energy differences 
for the state changes Ai to hi_l and Ai_ 1 to Ai. 
The equality is also usually used to check the 
accuracy of simulation. 

2.2.2 Slow growth method 
The slow growth method is a variant of the 

window method. Instead of dividing the whole 
region of state change into a set of discrete 
windows, the slow growth method treats the cou- 
pling parameter A as a function of simulation 
time, and changes continuously from 0 to 1. In 
practice, the slow growth method differs from the 
window method in that it changes A in very small 
increments. In fact, this interval can be made 
sufficiently small to allow the strictest calculation 
of AA. The inevitable shortcoming of the slow 
growth method is the slow convergence. 

As can be seen from the above discussions, the 
key of the perturbation method is a small system 
state change. This can either be achieved by the 
window method or slow growth method, or by 
designing a thermodynamic cycle. In molecular 
simulation, the state change is usually achieved 
by changing the force field parameters to repre- 
sent a molecular structural change. 

The perturbation method is probably the most 
widely used free energy estimation procedure in 
molecular simulation and solution study. Its ap- 
plication ranges from the study of solute substitu- 
tion in solution to the relative binding of different 
ligands to an enzyme. For example, the free en- 
ergy difference for the transformation CH,OH 
-+ CH,CH, was calculated by the window 
method to be 28.0 &- 0.9 kJ/mol, which is in ex- 
cellent agreement with the experimental value 
29.0 kJ/mol. 

2.3 Finite difference thermodynamic integration 
[Ill 

Finite difference thermodynamic integration 
(FDTI) is the combination of thermodynamic in- 

tegration and the perturbation method (PM). 
Equations (15) and (17) are the basis for the 
perturbation method. Because of its conceptual 
simplicity, it has been widely adopted as the 
protein engineer’s free energy calculation proce- 
dure. Unfortunately, the direct summation eq. 
(17) seems to lack the basic physical insight into 
the system that thermodynamic integration has, 
as expressed in eq. (5). The idea behind FDTI is 
how to combine the two together. From the basic 
principle of the calculus, we know that. 

/ 
1 a& A) 
-dd = 

n-1 AAi(Ai+Ai+,) 

0 aA 
lim C 

n-+m,Ah-0 i=o AA 

(19) 

Therefore, by choosing arbitrarily small AA in the 
perturbation method, the integration in the ther- 
modynamic integration method, eq. (5), can be 
achieved. In practice, FDTI is realised by calcu- 
lating AA, by the perturbation method, dividing 
AAi by AA, and integrating this result over A 
numerically. FDTI was used to calculate the free 
energy of aqueous hydration of acetone and 
dimethylamine. It was found that FDTI con- 
verges significantly faster than both TI and PM, 

2.4 Umbrella sampling (22-l 41 

From the description presented in the above 
sections, it can be seen that transforming the 
calculation of the configuration integral into the 
ensemble or time average of a system’s internal 
property is the key to the calculation of statistical 
mechanical properties as expressed by 

Zl 
z = (e-P*W~)), (20) 

However, the applicability of the equation is lim- 
ited by the fact that, wherever V, and V, differ to 
a certain degree, the probability P,(V) of sam- 
pling a point in the configuration space of system 
0 for which e-P*’ is appreciable tends to be very 
small. New methods are needed to improve the 
sampling of part of configurational space where 
the product P,,(V) e-p*’ is large by carrying out 
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a biased (non-Boltzmann) sampling. One of these 
methods is known as umbrella sampling (US). 

The basic idea behind umbrella sampling is 
that the relative probability to sample a point is 
no longer based on emPA”, but w(r) emPA”, where 
w(r) is a weighting function chosen to ensure that 
both the region where P,(V) is large and the 
region where P&I’) e- W’ has its maximum are 
adequately sampled. Therefore, the desired aver- 
age in eq. (20) is related to the average obtained 
by using biased sampling by 

(e-PAv),= e 
- aAl', 

I 
-empAvdr, 

W i i 

,-NV, 

pdr, 
W 

(21) 

(22) 

where the angular brackets with subscript indi- 
cate an average over the biased sampling. Equa- 
tion (22) can also be written as 

{e-p*v)O = 
e-D* 

1 3 
Cw)Cl 

w W 
(23) 

This equation shows clearly that, in order to get 
reliable results, w should be chosen such that 
w eepAv is reasonably large in the region of con- 
figuration space accessible to system state 1 
(otherwise the first term on the right hand side of 
eq. (23) vanishes), but w should also have appre- 
ciable value wherever e-pAv~ is large (otherwise 
the second term on the right vanishes). The name 
(umbrella sampling) for this method is based on 
the fact that w e-P*bI is designed to cover both 
P&V’> and P,(V). 

Obviously, the key in umbrella sampling is the 
choice of the weighting function w. Unfortu- 
nately, there is no general guidance for this pur- 
pose. This is usually the criticism of umbrella 
sampling. In practice, satisfactory choices can be 
efficiently obtained by trial and error. Attempts 
to predict reliable general analytical forms for w 
have been unsuccessful. This is not surprising, 
because knowledge of such forms would imply 
the solution of the general problem of evaluating 
statistical mechanical partition functions. 

However, this does not mean that umbrella 
sampling has not been used at all. In fact, the 
following transformation has been used to achieve 
better sampling. 

In other cases, the intuition about the density 
of state of configuration space as a function of 
V,, is used to choose a form for w which guaran- 
tees a uniform a sampling of the relevant part of 
configuration space as possible. As the system 
size becomes larger, it becomes increasingly diffi- 
cult to find a weighting function that does the 
job. This is indeed the down-side of the umbrella 
sampling method, i.e., it uses a non-physical 
weighting function, and it needs to alter the inter- 
nal mechanism of the program to experiment on 
a different choice. However, we have studied 
several polymers (including proteins) in which the 
weighting is based on the conformational energy 
surfaces of the individual units, which are readily 
calculated and stored in advance. This has some 
meaning in terms of the dominant interactors 
seen in “Theta conditions”, i.e. solvent conditions 
when interactions between units cancel in tolo. 

In such applications, the advantages of um- 
brella sampling are very attractive. Firstly, given a 
reasonable choice of weighting function w, the 
free energy difference AA can be obtained for a 
range of different Hamiltonians and tempera- 
tures. Secondly, umbrella sampling is a very gen- 
eral way to probe a system. Instead of emPA”, any 
other functions F(rN> can be investigated. For 
instance, consider the case where we are inter- 
ested in the probability that the quantity X(rN> 
has its value in the interval dx around X. Let us 
assume that this value of X is very unlikely in the 
original ensemble, it could correspond to an im- 
probable molecular conformation. In that case, 
simple Boltzmann sampling will produce very poor 
statistics on the desired probability. But with um- 
brella sampling., the weighting function can be 
chosen such that the relevant region of configura- 
tion space is sampled adequately. The probability 
density to observe X around x is then given by 

PxW = (“‘“;x))/(;)W 
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In this way, umbrella sampling can be used to 
estimate the probability of rare events, or to 
construct the Landau free energy associated with 
a particular type of order parameter fluctuations. 

2.5 Thermodynamic cycle 

From the above discussion, it can be seen that 
umbrella sampling is probably the most powerful 
method for achieving better sampling in configu- 
rational space. But due to its lack of rule for 
choosing the weighting function, it still only re- 
mains a ‘theoretical darling’ rather than a practi- 
cal recipe. In molecular simulation, thermody- 
namic integration, perturbation method and their 
combination, i.e. result-finite difference thermo- 
dynamic integration are the major methods for 
free energy estimation. Both thermodynamic inte- 
gration and the perturbation method can be im- 
plemented in either MD or MC. Naturally, most 
of the limitations existed for MD or MC apply to 
the free energy calculation as well. Reliable cal- 
culation of relative free energy requires adequate 
sampling of configurational space. For complex 
systems, it is difficult to know whether sampling 
is adequate or not. The usual hysteresis check 
used in free energy calculation is a necessary, but 
not a sufficient criterion for sampling adequacy. 
A small hysteresis indicates only that similar con- 
figurations have been collected in both forward 
and backward directions, but still many signifi- 
cant configurations may have not been sampled 
at all in both directions, perhaps because the 
perturbation is proceeding so fast that the system 
cannot adjust. In addition to configurational sam- 
pling problems, many other factors also affect the 
calculation, for example, truncation of long-range 
potential interaction, boundary condition effects, 
force field parameters, etc. One approach to cir- 
cumvent these difficulties uses the so-called 
“thermodynamic cycles in free energy” calcula- 
tion. The basis on which the thermodynamic cycle 
approach rests is the fact that free energy AA is a 
state function. This means that as long as a 
system is changed in a reversible way the change 
in free energy A will be independent of path. 
Therefore, along a closed path or cycle, AA = 0. 
This result implies that there are two possible 

ways to obtain the AA for a specific process: one 
may calculate it directly by using the above 
method along a path corresponding to the pro- 
cess, or one may design a cycle of which the 
specific process is only a part and calculate the 
A A for the remaining part of the cycle. For 
example, in order to compare the binding of two 
different substrates S and S’ to an enzyme E, a 
cycle is designed as following 

E+S % ES 

AA, I I AA, 

E+S’d AA2 ES, 

The desired free energy difference is AAA = 
A A, - AA,. Because of the thermodynamic cy- 
cle, AA A = AA, - AA,. The calculation of AA A 
may be more reliable than the calculations of 
individual As, as any error due to inadequate 
force field parameters, etc., will approximately 
cancel for similar pairs of paths. However, the 
sampling problems still remain. 

3. Novel methods 

The above techniques address sampling from 
the point of view of restarting “classical” simula- 
tions in a structured way from different points, or 
by imposing the view that a broad consideration 
of conformational space is not essential. In par- 
ticular, the perturbation method assumes that the 
molecular system retains a conformation and be- 
haviour which is similar to a high level of detail 
even after a chemical change to one of its compo- 
nents. Experimentalists have long perceived the 
innate conformational flexibility of molecuIes such 
as proteins and indeed the functions of proteins 
usually depend on that conformational flexibility. 
Specifically, protein molecules and other complex 
biomolecules are rarely if ever confined to simple 
quadratic potential energy wells in which they 
show simple periodic or quasi-periodic behaviour. 

Can the underlying simulation algorithm itself 
be tailored to provide a more comprehensive 
treatment? Previously, the principle approaches 
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involving departure from reality “broke the rules” 
in regard to the unphysical nature of the force 
rather than in regard to the Newtonian laws 
themselves. As further information, either experi- 
mental data specific to the molecule or data 
pertaining to the general class of molecules, is 
often introduced, “Pseudo-energy” functions in 
energy minimisation or “pseudo-force” functions 
in molecular dynamics may represent the effect 
of this further information and replace the classi- 
cal description of energy and force which are 
based on evaluation of interatomic interactions. 
To impart some degree of stereochemical reason- 
abless, such functions may in fact be (or imply) 
the sum of the classical energy function plus the 
new component as a “target function” or “penalty 
function”. A simple and common example arises 
in energy refinement of X-ray coordinates of a 
protein, or in modelling a protein by reference to 
a homologous protein of known conformation 
[15,161. Here one may use the function 

F=aE+(l-a)Cd$ O<a<l (25) 
ij 

and vary the conformation Q in the direction 
downhill in the effective (internal) potential en- 
ergy surface E as dictated by the pseudo force 
dF/dQ [17]. The problem is that one must find 
an optimal value for the coefficient “a” because, 
since the components are not cometric, and since 
neither the X-ray coordinates nor the energy 
calculation are perfect, a mathematical 
“catastrophe” occurs in which one obtains a good 
energy with poor fit or vice versa, 

In contrast, nature itself adheres well to cer- 
tain properties without being explicitly “drawn” 
towards them by penalty or target functions. 
These are the conserved properties, notably total 
energy, total linear and angular momentum, and 
Liouville phase space volume. The problem of 
choosing the reasonable value of “a” does not 
arise, nor does the question of a catastrophe. The 
origin of these conservation phenomena or con- 
servation laws is inherent in the equations of 
motion employed. This raises the possibility of 
changing the basic equations of motion to intro- 
duce novel conservation laws. We here develop as 
a starting point the approach reported by Cotter- 

ill and Madsen for a materials science application 
[18]. We have been the first to use this to study 
the conformational possibilities of molecules, This 
approach is colloquially known as ‘rush dynam- 
ics”. With the exception of our earlier brief re- 
port concentrating on a small molecule [19], no 
previous written account has been given of the 
application to molecular structures. Indeed other 
workers may have been discouraged from the 
application of the method to chemical com- 
pounds since it may not have been obvious that a 
method which changes the laws of motion for the 
atoms can do so while safely retaining the in- 
tegrity of molecular structure. 

Essentially, the Cotterill-Madsen technique in 
both conformational studies and in its original 
materials science applications [181 essentially 
causes the system to conserve potential energy in 
a computationally efficient manner. This is some- 
times picturesquely referred to as “contour trac- 
ing”, since the effect on an easily visualised two- 
dimensional potential energy surface would be to 
run round the one dimensional potential energy 
contour. This useful visual appreciation of the 
problem makes it clear that hunting out the ini- 
tial contour level of choice will be an important 
first step, but it also gives a misleading impres- 
sion of the freedom available to the system. A 
phase space of 6N dimensions (arising from the 
particle coordinates x, y, z and their conjugate 
momenta, for each particle of an N-particle sys- 
tem) has a 3N potential surface and the regions 
of constant potential energy is not in general a 
contour but a 3N-1 dimensional manifold. For a 
typical small protein of approximately the size of 
hen egg while lysozyme (129 residues and approx- 
imately 2000 atoms), the manifold has some 6000 
dimensions. 

The importance of these present studies is 
seen by us to be primarily in further development 
of the method as we shall describe in detail 
elsewhere. Briefly, we have noted that imposition 
of the trajectory in phase space to lie on this 
manifold leaves open the possibility of introduc- 
ing further artificial conservation laws. This is 
because the specific trajectory taken is specific 
but arbitrary as to its physical significance. An- 
other choice of trajectory lying on the manifold 
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would, in general, serve the same purpose. A 
further conservation law of another type can be 
introduced so as to leave unperturbed the conser- 
vation of the potential energy. In fact, for a 
complex molecule such as a protein this allows 
the introduction of potentially many thousands of 
conservation laws, as will be discussed below. 

Alternatively, though with the loss of some 
benefits of the above type of approach, the iso- 
potential energy function could in fact be an 
“iso-pseudo potential energy” function from the 
outset. This is to say that the potential surface 
results from the sum of energy and function value 
components as in eq. (25). 

Finally, the Cotterill-Madsen approach pro- 
vides the incentive to make up the jump to other 
potentially useful modifications of the Newtonian 
laws of motion which do not depend on potential 
energy conservation. In the present study, we 
consider the Cotterill-Madsen algorithm for the 
first time as applied to organic molecules, and 
consider its relationship with other classes of 
conservation laws. Particularly we note briefly 
that there is a novel class of momentum-con- 
servation law which does not depend on conser- 
vation of potential energy. 

3.1 Theory of rush dynamics 

The Cotterill-Madsen method works by con- 
serving potential energy, corresponding to a 3N 
- 1 dimensional manifold in the 6N dimensional 
phase space of a system of N atoms. In effect, the 
normal force vector (dE/dQ) is rotated maxi- 
mally orthogonally with respect to the original 
direction. By definition such a rotation places the 
new vector in a direction of constant potential 
energy. In practice, it is the velocity vector which 
is rotated as follows: 

vu-v,=0 

where r0 is the instantaneous configuration of 
the N particles with velocities vo; r,, v, are the 

respective configuration and velocities after the 
pseudo time interval dt, U(r,> is the potential 
energy to the initial configuration. In rush dynam- 
ics, the time interval, dt, has no physical signifi- 
cance. 

The effect is easiest to envisage in a two-di- 
mensional potential surface: the above transfor- 
mation would cause the vector to point along the 
current contour of constant potential energy 
without significantly distorting the bonding geom- 
etry. 

3.2 Simple approach to generalised conservation 
law dynamics 

There are several indirect ways to conserve the 
specified property of a system. Two will be men- 
tioned briefly (a) to provide a workable approach 
should an elegant direct approach not be found, 
and (b) because this less direct class of techniques 
is ideally suited to seeking out a required value of 
a function to which one will wish to adhere as the 
conserved property. 

We have explored many techniques for main- 
taining constant the value of another (extrinsic) 
function @, while the energy is being minimised. 
These include (a) minimising 

where @* is the value of @ to be conserved or 
(b) using a simulated annealing approach [20] 
where E is minimised through a combination of 
general downhill search and occasional uphill 
moves to avoid local minima, where the uphill 
move has to satisfy the following distribution: 

p=e -AE/kT (30) 
where AE is the difference between the current 
configuration and the previous one, T is the 
control variable usually referred to as tempera- 
ture and k is the Boltzmann constant. These 
approaches can be many times faster when @* is 
judiciously chosen. 

The advantage of the more elegant approaches 
which directly manipulate the underlying laws of 
motion, is speed. We recall that the methods of 
this section are best suited to finding initial con- 



J. Li et al. / Biophys. Chem. 43 (1992) 221-238 

formations satisfying @* to which the simulation 
is then held by the “true” conservation tech- 
niques. 

3.3 Underling relation between rush molecular dy- 
namics and generalised conseruation law dynamics 

The above rush MD approach seems applica- 
ble only to conservation of potential energy. 
However, it is easy to reason that for a typical 
(fairly small) protein of some 2000 atoms (e.g. a 
lysozyme), this conservation of potential energy 
would still leave 3N - 1 = 5999 dimensions which 
would conserve potential energy, but also allow 
up to 5999 new conservation laws to be intro- 
duced. In effect, these represent up to 5999 items 
of specific data (such as Nuclear Overhauser dis- 
tances), or information about proteins in general, 
e.g. an expected amount of hydrophobic packing 
or the degree of intramolecular hydrogen bond- 
ing. We have described these aspects in terms of 
dynamical systems theory [211, specifically applied 
to the conservation problem [22]. 

231 

3.4 Computational drawbacks of the rush dynamics 
algorithm 

Most generally, the rush technique can be de- 
scribed as involving the rotation of any function 
gradient vector to be orthogonal to its original 
downhill direction, without considering first the 
conservation of potential energy. In many cases, 
such approaches are unstable, and rapidly lead to 
some kind of “explosion” of numbers to large 
absolute values. In comparison, the natural con- 
servation laws may have a number of properties 
which render them intrinsically stable even as 
computer simulations expressing an algorithmic 
form. 

A standard way [231 of assessing the stability of 
an MD program is to calculate the standard devi- 
ation of the total energy, E, for a certain number 
of steps while gradually increasing the integration 
size dt: 

CT~= \i(E')- (E>* (31) 

0.41 I I I I 
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Fig. 1. Standard deviation of total energy for a system of 108 Lennard-Jonesian particles over 1000 steps in MD simulation: (a) for 
normal MD, (b) for rush MD with no feedback control, and (c) with feedback control. 
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We used a system of 108 particles interacting 
by a Lennard-Jonesian potential, V(rij) 

Atj Bij 
'('ij) =4e F- 6 

i I JJ 'ij 
(32) 

to compare the stability of normal MD and rush 
MD. Integration step size increases from 0.4-4-O 
fs. For each step size, E is calculated over 1000 
steps for both normal MD and rush MD. The 
results are shown in Fig. 1. It is clear that rush 
MD shows much larger fluctuations than normal 
MD, and it shows a much stronger tendency to 
instability than MD, i.e. E for rush MD steadily 
increases with dt. 

From the description of rush MD algorithm, it 
is known that the dot product between the force 
vector and velocity vector F * V plays a key part in 
the adjustment of the new velocity, and F * V# 0. 
If we calculate F - I/ in normal MD (see Fig. 21, it 
can be seen that F. V fluctuates symmetrically 
along the zero value line. The breaking of this 
symmetry in the behaviour of F * V may be the 
cause of instability in rush MD. Some adjustment 
to the pure rush MD form is needed for practical 
application. When the Cotterill-Madsen feed- 
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back control mechanism 1181 is introduced into 
the rush MD simulation of 108 Lennard-Jone- 
sian particles, it is much more stable, i.e. E fluctu- 
ates about a steady mean (Fig. lc) as does the 
normal MD calculation (Fig. la), although these 
fluctuations are much greater in the rush MD 
simulation than the normal MD simulation. 

3.5 Alternative conservation approaches not related 
to rush dynamics 

Some artificial conservation laws seem easier 
to implement and stabilise than others. One de- 
veloped in the laboratories at Proteus is momen- 
tum conservation dynamics which is useful for 
emphasising large scale motions, as follows. 

The underlying philosophy of the approach is 
to tackle directly one of the central problems in 
MD applications: how to achieve long time scale 
simulation without increasing hardware cost (this 
is also a merit of rush dynamics, though the 
speeding effects were discovered somewhat indi- 
rectly). Tackling the problem from the viewpoint 
of the MD algorithm itself, the obvious choice is 
to increase integration step size. However, this 
can quickly lead the simulation into an unstable 

5115.7, 
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Fig. 2. The changing behaviour of F.V during normal MD simulation of 108 Lennard-Jonesian particles. 
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state and subsequent blow up due to the limita- 
tions inherent in the MD algorithm. Many meth- 
ods have been tried with only limited success. 

Nonetheless recently an idea from quantum 
field theory provides some inspiration for improv- 
ing the MD algorithm [24]. This idea states that, 
when two particles interact, it can be imagined 
that a virtual particle is emitted from particle A 
to particle B, particle B then collides with the 
virtual image of A, and after the collision, parti- 
cle B absorbs its virtual image. During this pro- 
cess, the momentum is required to be conserved. 
For a 2D system, it has been shown that this 
algorithm allows a ten-fold increase in integration 
step size. The central step of the algorithm is to 
modify the velocity increment in normal MD by 

--- *‘= -c+’ 4b2 bm 
a 

4 

a2 BE 

a, b are related to the previous velocities and S is 
a constant. Clearly, for this algorithm to work, 
the discriminant needs to be positive. If this con- 
dition is not satisfied, the system is in a so-called 
classically forbidden region. Again, we have been 
first in applying this idea to molecules. However, 
some further work is needed to make the algo- 
rithm robust. In some cases at present, simula- 
tions must be briefly paused and “backtracked” 
to recalculate the occasions when a “blow up” 
occurs. 

3.6 Existing methods which introduce artificial con- 
servation laws 

The introduction of novel conservation laws is 
not wholly novel in itself. Some techniques al- 
ready available and used actually imply some 
modification of Conservation Laws or the intro- 
duction of new laws. However, they are not al- 
ways perceived in that light and are tailored to 
very specific problems. Techniques such as Nose’s 
temperature bath dynamics 1251 and constant 
pressure dynamics [26] can be considered as 
“artificial laws” in the sense that they model 
natural situations (e.g. conservation of tempera- 
ture, conservation of pressure in a small volume 
in periodic boundary conditions) in a somewhat 

unnatural way, as a highly “localised” conserva- 
tion law for a microscopic system. However, they 
differ from the approaches considered above in 
that they appear to have an affinity with the 
natural conservations. 

3.7 General approach to recognition of new physi- 
cal laws in the computer 

Searching for conservation laws in Hamilto- 
nian systems is best described by the Hamilton- 
Jacobi equation [27]. 

as as 
-, -,..., I$ q,, qz,...,qn 

as 
a41 a92 n 

+z=o 

(34) 
Where q,, q2... q,, are generalized coordinates, S 
is the generating function. 

The solution of this equation for S wiIl lead to 
the solution of Hamilton’s equations of motion. 
For the Hamilton-Jacobi equation, a conserva- 
tion taw needs to satisfy the following equation 
[28]: 

awl + aW-9 -= 
at 

o 

a% (35) 

where KS) is called conserved density and X(S) 
flux. The conserved density T(S) has such a 
property that 

/T(S(q, t)) dq 

is independent of time t, for all solutions of the 
Hamilton-Jacobi equation so that the integral 
converges. 

When a system has an infinite number of non- 
trivial conservation laws, the system is formally 
integratable. For practical problems, complete in- 
tegration is usually an extremely difficult task, 
and numerical techniques are used instead. The 
time invariant property of conserved density can 
be used to evaluate the numerical accuracy. This 
means in practice that a single universal ap- 
proach to designing a “conservation law” is prob- 
ably not possible. It requires a number of ap- 
proaches and skills, and a variety of explorative 
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trial and error approaches, which we collectively 
refer to as “Physical Law Engineering”. 

3.8 Assessment of speeding 

It seems self-evident that rush dynamics 
and/or a generalised conservation law approach 
must be faster for several intrinsic reasons: 
(a) the method implicitly avoids going to an en- 

ergy minimum; 
(b) there is one less dimension for every con- 

straint, i.e. there are less parameters; 
(c) even though finding an improved solution to 

a model is difficult, it rapidly locates equally 
good solutions; 

(d) the entropy and depth of minima can be 
evaluated from the local curvature of the 
iso-potential energy manifold. (Once two con- 
tour levels has been established in the region 
of a minimum, a quadratic interpolation will 
provide an estimator of the actual minimum 
and of the entropy relative to another mini- 
mum). 

Unfortunately, it is intrinsically difficult to 
quantify the speeding in view of the fact that the 
“time step” in techniques of this class has no real 
meaning. Further, between normal and this type 
of dynamics, one is comparing phase space vol- 
umes of different dimensional@. However, one 
can assess that something of interest has been 
located in II iterations, or that in one million 
iterations, n “Plan& elements of phase space 
have been searched, or n minima located, for 
example. 

For sometime our view has been that the most 
persuasive of these is the number of progressively 
deeper minima located, as used in the GLOBEX 

stack method [29]. However, even this should be 
treated with reservation, (a) since important local 
conformations might be missed by virtue of less 
ability to look “near at hand” (in effect, by virtue 
of concentrating on a “depth first” rather than 
“breadth first” search), or (b) many minima might 
be located rapidly, without further improvement 
over a long time, or (c) many minima of high 
energy might be explored, misleadingly giving an 
assessment similar to a run with many low energy 
minima. 

A more quantitative measure can be obtained 
from the difference in the autocorrelation func- 
tion for the RMS deviation changes between a 
normal MD run and a rush MD run. 

3.9 Results 

Until the present study, the Cotterill-Madsen 
algorithm had been applied only to materials 
science simulations, particularly regarding crystal 
dislocations. The original study [15] involved stud- 
ies of the diffusion of a hole in a two-dimensional 
Lennard-Jones solid. We have repeated this study 
and reconfirm that it is indeed some million times 
faster than normal dynamics, in the sense of the 
relative rate at which the hole moves. We ob- 
served, however, that as in a diffusion process 
this system is one in which the potential energy 
stays approximately constant in any event. Inter- 
esting systems such as protein molecules spend 
most of their time in a localised, well defined 
energy well and indeed it is this drastic departure 
from iso-potential energy behaviour which gives 
rise to the characteristic structure. We would 
expect that the speed benefits in terms of search- 
ing conformational space would decrease as the 
potential energies for the configurational possibil- 
ities of the system go from a plateau-like to a 
valley-like description. In essence, this means as 
entropy makes a diminishing contribution to the 
dominant behaviour of the system, and will tend 
to proceed in conjunction with the appearance of 
strong interatomic forces as more complex sys- 
tems are progressively studied. 

It was early noted that the Cotterill-Madsen 
algorithm is fundamentally unstable for any prac- 
tical computational step size. To overcome this, a 
check is made every 0.25 ps to discover the de- 
parture from a constant potential energy and a 
small correction is applied to the velocity vector. 
This represents additional computation per itera- 
tion, but still allows substantial speed gains which 
arise essentially from the reduction of the dimen- 
sional@ of the problem. How then does the 
algorithm actually fare for conformational 
changes in organic molecules? Preliminary stud- 
ies using the Cotterill-Madsen algorithm have 
been briefly reported by us [19] using N-ace@ 



J. Li et al./Biophys. Chem. 43 (1992) 223-238 235 

alanyl N’-methylamide, a simple analogue of a 
residue within the context of a protein chain. An 
extended analysis of that result is pertinent to a 
better understanding of the following studies. Be- 
cause this relatively simple molecule has only two 
major degrees of freedom, the rotation of the 
N-C and C-C’ bonds, the trajectory can be 
easily displayed on a two-dimensional diagram. 
To casual inspection the trajectory is not grossly 
different from that in normal dynamics. It does 
not adhere to contours of iso-potential energy as 
plotted for the two dominant degrees of freedom 
with the other angles held constant, minimised or 
statistically mechanically averaged. This is be- 
cause the other potential variables are indeed 
true degrees of freedom (bond stretching, valence 
angle bending, and rotation of bonds with at most 
partial double bond character) which cannot be 
visualised in such a representation. Particularly, 
energy can be exchanged with these hidden vari- 
ables to overcome energy barriers, and the hid- 
den conformational variables play a role not en- 
tirely different to the thermal environment of a 
molecule simulated under “rigid geometry” con- 
ditions in which only N-C and C-C’ rotations 
are allowed to vary. Note that a direct compari- 
son is possible because we have developed tech- 
niques in which the calculation of the angular 
momenta associated with bond rotations can be 
performed in “dihedral angle space”. Similarly, 
to casual inspection, the dynamic motions per- 
ceived at a graphics terminal are not grossly dif- 
ferent from those seen in the application of nor- 
mal molecular dynamics. One important differ- 
ence is that in a given time as estimated from the 
trajectory diagram in particular, more conforma- 
tional space is covered with greater density in the 
case of the CotterilI-Madsen algorithm. How- 
ever, it was clear that though the method of 
estimating speed gain was crude (being simply 
based on comparing the time taken for normal 
dynamics to achieve comparable spread and den- 
sity), the speed gain was at best of the order of 
hundreds-fold, not millions-fold. 

This test system may nonetheless fail to reveal 
the Cotterill-Madsen aigorithm at its best perfor- 
mance because the molecule has so few major 
degrees of freedom. The studies were extended 

to the folding a simple model polypeptide N- 
acetyl-(Ala).5-(Gly)2-(Ala)5-N’-methylamide 
(A5G2A5). Simulations using normal dynamics 
were first “equilibrated” or “relaxed” by 10000 
x 0.005 fs steps, and then simulations were pcr- 
formed over 50 ps, using a 0.5 fs step size. As is 
customary, temperature regulation at 310 K was 
imposed by resealing of the velocities, and this 
was applied in both the initial “equilibration” 
phase and the subsequent phase. Both simula- 
tions (normal and Cotterill-Madsen) were started 
with identical veracities and identical structures 
(an extended conformation with all backbone an- 
gles at 1800). This molecule is significantly longer 
than the N-acetyl alanyl-AJ’-methylamide previ- 
ously studied, and hence of polymer character: it 
thereby lends itself more naturally to more objec- 
tive measures of conformational variation which 
has been developed largely for polymers as op- 
posed to compact organic compounds. These nat- 
ural methods include descriptions which essen- 
tially show the extent to which a polymeric chain 
is folded up into a relatively compact state. Fig- 
ure 3 depicts qualitatively the folding of the pep- 
tide. The root mean square (rms> fit between 
each “snapshot” and the initial extended confor- 
mation is plotted. The rms fit measure is in this 
case the differences between interatomic dis- 
tances for the two conformations, measured be- 
tween pairs of alpha-carbon atoms within each 
conformation. The cIassica1 crystallographers’ rms 
measure, based on super positioning and orien- 
tating of the two conformers and examining the 
mean square distance of the corresponding atoms 
in the two separate structures, is inappropriate 
(and indeed meaningless) for widely differing 
conformers. 

Figure 3 shows that during normal dynamics 
A5G2A5 folds at a steady rate and spends the 
remainder of the simulation vibrating and locally 
liberating in that state. It is, in effect, trapped. In 
contrast, the Cotterill-Madsen algorithm causes 
the molecule to fold more quickly initially, but 
more importantly the structure never remains 
truly compact but constantly unfolds and refolds 
during the course of the simulation. The subse- 
quent history reveals a much greater and richer 
variety of conformations than is accessible to the 
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Time- scale of simulation [ps) 
Fig. 3. The rms fit deviations between the initial extended 
conformation and the configurations obtained during (a) and 

normal MD and (b) a rush MD run. 

normal dynamics algorithm. It is important to 
note that the method of analysis used distin- 
guishes only states by virtue of their compactness 
and in fact a large number of different conform- 
ers will be accessed which have the same degree 
of compactness. That is to say, the estimate ob- 
tained will be a minimal estimate. By comparing 
the autocorrelation functions for the A5G2A5 
studied by normal and Cotterill-Madsen dynam- 
ics, this minimal estimate of the ratio of the 
number of distinct conformations generated is 
150. 

The notion of “minimal” has no formal abso- 
lute significance here and even lower minimal 
estimates of speed enhancement can be obtained 
by using methods which are poorer at distinguish- 

ing a greater variety of states. Computer experi- 
ments reveal that the above approach provides at 
least a more workable estimate than other ap- 
proaches derived from polymer theory. A more 
formal approach is based on evaluating the parti- 
tion function for the mean squared end-to-end 
distance of the polymer, or between any two 
specified points on the polymer. Such a partition 
function represents the abundance of conformers 
as a function of the mean square end-to-end 
distance. Effectively, conformations classified by 
having different end-to-end distances are counted 
and some conformations are more abundant for 
some mean square end-to-end distances than oth- 
ers. From such a viewpoint normal and Cotterill- 
Madsen dynamics do not differ so significantly at 
the sampling levels studied so far: though the 
ratio is in favour of the Cotterill-Madsen algo- 
rithm by about ten-fold. 

These difficulties of assessment arise in that 
the number of iterations performed is of the 
same order per unit computation time in both the 
normal and Cotterill-Madsen methods, and each 
iteration effectively represents a new conforma- 
tion. The advantage of the Cotterill-Madsen ap- 
proach is not that it generates a larger number of 
conformations, but a larger number of signifi- 
cantly different conformations. The above lower 
minimal estimate presumably arises became in- 
formation based only on end-to-end distance dis- 
tinguishes conformations even less than a method 
based on compaction. To attempt to achieve a 
more reasonable estimate than either of the above 
“minimal” estimates, this and similar systems 
have been studied using a simple program devel- 
oped by one of us (BR) for classifying protein 
loops as similar or dissimilar. Basically, confor- 
mations are considered identical if the root mean 
squared deviations of their dihedral angles (in 
this case, the N-C and C-C’ rotation angles of 
each residue unit), divided by the number of 
dihedral angles, does not exceed a critical value. 
Using 60 X 60 = 3600 square degrees angular 
measure gives an adequate density of sampling 
for comparison of the numbers of conformations 
generated, at Ieast as far as an order of magni- 
tude. It is also natural stereochemical limit mea- 
sure in that conformers in polypeptides tend to 
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Fig. 4. C (rms(r)) is the autocorrelation function for the rms deviation changes during (a) normal MD, and (b) rush MD for 
A5G2A5 simulations. 

lie, as they do for hydrocarbons, in energy wells 
of some 120” width. This method suggests closer 
to a thousand-fold enhancement in the case of 
3600 square degrees, but is dependent on the 
critical value chosen. A more formal approach 
depends on calculating the partition function for 
the mean square deviation between the ends of a 
polymer. 

4. Summary 

The dynamical system properties under “rush 
dynamics” are novel, complex, and under study. 
These simulations have been analysed for both 
periodicity and quasi-periodicity. No conforma- 
tion with specific velocities was re-encountered in 
this study, nor was any closely comparable con- 
formation with closely comparable velocities en- 
countered. Thus there is no evidence of any con- 
sistent return of trajectories close to the starting 
point within the lifetime of the simulation, though 
some gross properties, and specifically compact- 
ness may show overall periodic behaviour. The 

simulations show some evidence of chaotic be- 
haviour which could well be advantageous in 
searching the manifold of &o-potential energy 
most exhaustively. “Fingerprints” for chaotic be- 
haviour as analysed by us will be described else- 
where. With the exception of the approximate 
periodic repeat in “compactness” and related 
properties, there is as yet no evidence of an 
attractor on any specific continuous iso-potential 
energy surface, though from the point of view of 
phase space as a whole, the manifold represents a 
clear, well bounded attractor. 

Studies have been carried out on a number of 
smaller proteins and in particular oxytocin has 
been well studied. Note, however, that the inclu- 
sion of a disulphide loop makes assessment by 
the method of Fig. 3 more difficult. 

The practical application of this approach is 
seen as requiring interaction with classical molec- 
ular dynamics. At regular but not necessarily 
frequent intervals, the Cotterill-Madsen dynam- 
ics can be temporarily interrupted and normal 
dynamics applied. This is to find the nearest 
significant potential minima and to evaluate the 
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free energy in the nearest low energy region. 
Methods of doing this efficiently will be described 
elsewhere, but the general principle should be 
self-evident and the details are not believed to be 
critical. An analogous approach using classical 
energy minimisation instead of classical dynamics 
has be used to assess the number of minima close 
to a trajectory [30]. The results in terms of new 
minima found is of the order of 100-200-fold. 
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